Abstract. Among three natural numbers there is always one which is larger than or equal to the Nim sum of the remaining two numbers. This amazing fact has many applications.
Introduction
On the set of natural numbers we have the usual order, the usual addition and also the somewhat exotic Nim addition. In this paper we investigate the relationship between the usual ordering and the curious Nim addition.
Let a and b be natural numbers (i.e. non-negative integers). Let a = (a 0 , a 1 , · · · ) and b = (b 0 , b 1 , · · · ) be the respective binary expansions (so, e.g., a = a 0 + a 1 2 1 + a 2 2 2 + · · · ). Then we define
where 0 ⊕ 0 = 1 ⊕ 1 = 0 and 0 ⊕ 1 = 1 ⊕ 0 = 1. a ⊕ b is called the Nim sum of the natural numbers a and b. Note that in this paper 0 is included in the set of natural numbers. The set of natural numbers will be denoted by N.
Triangles of numbers
Let a, b and c be natural numbers. We call a vertex of the triangle (a, b, c) large if it is larger than the Nim sum of the remaining two numbers. Thus, e.g., a is large if and only if a > b ⊕ c. We call the triangle (a, b, c) tight if the number of its large vertexes is 3 and loose if this number is only 1. We can rephrase Lemma 2.2. Lemma 2.3. Among three natural numbers there is one which is larger than the Nim sum of the remaining two numbers, unless each of the given numbers is equal to the Nim sum of the respective remaining two.
We rephrase once more.
Lemma 2.4. Let a 1 , a 2 , a 3 ∈ N. We can renumber the a i in such a way that a 1 ≥ a 2 ⊕ a 3 .
Remark. Let a, b ∈ N and X = {α ⊕ b | α ∈ N and α < a} ∪ {a ⊕ β | β ∈ N and β < b}. ∈ N \ X .) Hence we can say, cum grano salis, that the Nim addition ⊕ is the "smallest" binary operation on N leading to a group. In fact it is the "smallest" binary operation on N with unique solvability of equations (i.e. a ⊕ x = a ⊕ y implies x = y, and x ⊕ a = y ⊕ a implies x = y).
This been proved first and in a more general situation by Conway in his fabulous book [1] .
The Three Number Lemma 2.2 can be used to solve various further first choice construction problems. These will be described in a forthcoming paper [2] .
